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SIGNED MAHONIAN POLYNOMIALS FOR MAJOR AND SORTING
INDICES
HUILAN CHANG, SEN-PENG EU, SHISHUO FU, ZHICONG LIN, AND YUAN-HSUN LO
Abstract. We derive some new signed Mahonian polynomials over the complex reflection
group G(r, 1, n) = Cr oSn, where the “sign” is taken to be any of the 2r 1-dim characters
and the “Mahonian” statistics are the lmaj defined by Bagno and the sor defined by Eu et
al. Various new signed Mahonian polynomials over Coxeter groups of types Bn and Dn
are obtained as well. We also investigate the signed counting polynomials on G(r, 1, n) for
those statistics with the distribution [r]q[2r]q · · · [nr]q.
1. Introduction
1.1. Signed Mahonian. Let Sn be the symmetric group of {1, 2, . . . , n}. The inversion
and major statistics of a permutation pi = pi1pi2 . . . pin ∈ Sn are defined respectively by
inv(pi) : = |{(i, j) : i < j and pii > pij}|,
maj(pi) : =
∑
pii>pii+1
i.
A fundamental result of MacMahon [18] states that inv and maj have the same distribution
over Sn together with the generating function∑
pi∈Sn
qinv(pi) =
∑
pi∈Sn
qmaj(pi) = [1]q[2]q . . . [n]q, (1.1)
where [k]q := 1 + q + q
2 + · · · + qk−1 is the q-analogue of k. To celebrate this result, any
statistic equidistributed with inv on Sn is called Mahonian.
The motivation of this paper is the following “signed Mahonian” identity [21], obtained
by Gessel and Simion.∑
pi∈Sn
(−1)inv(pi)qmaj(pi) = [1]q[2]−q[3]q[4]−q · · · [n](−1)n−1q. (1.2)
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1.2. Extensions to Coxeter groups. One can regard Sn as the Coxeter group of type
An−1. For a Coxeter group, the length function `(pi) is the minimum number of generators
required to express a group element pi. Note that in the type An−1 case the length function
`A(pi) is exactly inv(pi), where the subscript A is to emphasize the type. Therefore in
a Coxeter group or a complex reflection group G we call a statistic Mahonian if it is
equidistributed with the length function.
On the other hand, (1.1) and (1.2) can be seen as∑
pi∈Sn
χ(pi)qmaj(pi),
where χ is one of the two 1-dim characters of Sn, namely χ = 1 or χ(pi) = (−1)`A(pi).
Therefore from this point of view one may consider the polynomial∑
pi∈G
χ(pi)qstat(pi), (1.3)
where χ is any 1-dim character of G and stat is some Mahonian statistic.
There have been many works extending (1.2) to other Coxeter groups or reflection
groups. In the case of type Bn, Adin and Roichman [3] defined the Mahonian index
so called flag major, fmaj, and Adin, Gessel and Roichman [2] obtained the signed Ma-
honian polynomials with respect to fmaj together with any of the four 1-dim characters
(1, (−1)`B(pi), (−1)neg(pi), (−1)inv(|pi|)) of Bn. Here, `B(pi) refers to the length function of
pi = pi1pi2 · · ·pin ∈ Bn which has the following combinatorial interpretation
`B(pi) = inv(pi)−
∑
i∈Neg(pi)
pii, (1.4)
where Neg(pi) := {i : pii < 0}, neg(pi) is the cardinality of Neg(pi), and |pi| := |pi1||pi2| · · · |pin| ∈
Sn. Meanwhile, Fire [13] obtained another set of identities by considering the Mahonian
statistics Fmaj and nmaj together with χ = (−1)`B(pi).
For the case of type Dn, there are several Mahonian statistics in literature. For example,
dmaj,Dmaj and flag major index fmaj. There are only two 1-dim characters (1 and (−1)`D(pi))
on Dn and the signed Mahonian problems have been studied by Biagioli [6] in the case of
Dmaj and by Biagioli and Caselli [8] in the case of fmaj.
The definitions of relative statistics for types Bn and Dn are given in Section 3 and
Section 4, respectively.
1.3. Extensions to complex reflection group. One highlight of this paper is to derive
new signed Mahonian polynomials on the complex reflection group G(r, 1, n) (denoted by
G(r, n) for short throughout the paper), which is isomorphic to the wreath product Cr o
Sn, where Cr is the cyclic group of order r. G(r, n) is also called the group of r-colored
permutations. Note that G(1, n) = Sn and G(2, n) = Bn. We will derive the signed
Mahonian polynomials by taking χ = χa,b to be any of the 2r 1-dim characters and stat the
length function ` or the Mahonian statistic lmaj defined by Bagno [4].
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Main Theorem A (Theorem 2.3). For a = 0, 1 and b = 0, 1, · · · , r − 1, we have the
following signed Mahonian polynomials:∑
pi∈G(r,n)
χa,b(pi)q
`(pi) =
n∏
k=1
[k](−1)aq
(
1 + (−1)a(k−1)ωbqk[r − 1]ωbq
)
,
and ∑
pi∈G(r,n)
χa,b(pi)q
lmaj(pi) =
n∏
k=1
[k](−1)a(k−1)q
(
1 + (−1)a(k−1)ωbqk[r − 1]ωbq
)
,
where ω is a primitive rth root of unity.
It is worth mentioning that Biagioli and Caselli [8] obtained a closed form of the polyno-
mial
∑
pi∈G(r,n) χ(pi)q
fmaj(pi) for any 1-dim character χ of G(r, n) and the flag major index
fmaj defined by Adin and Roichman [3]. However this fmaj is not Mahonian if r ≥ 3 (i.e., is
not equidistributed with `), hence it does not equal lmaj and therefore the result does not
overlap ours. Another interesting statistic rmaj, called root major index, on G(r, n) defined
by Haglund, Loehr and Remmel [16] is equidistributed with fmaj, and then is not Mahonian.
Hence rmaj is not taken into consideration in this paper. See Figure 1 for the relationship
between these “major” statistics on G(r, n). stat1 −→ stat2 means stat1 is extended to stat2.
For example, nmaj is exactly lmaj when r = 2.
(1, ) or nG n A (2, ) or nG n B ( , ),  3G r n r ≥
maj fmaj
Fmaj
nmaj
fmaj
lmaj
rmaj
Figure 1. The relationship between various major indices.
Another interesting Mohonian statistic is the sorting index sor, which is implicitly given
for type An−1 in a bijective proof on Sn by Foata and Han [14], defined for Coxeter groups
by Petersen [19], and then generalized by Eu et al. [11] for complex reflection groups. Our
second class of signed Mahonian polynomials takes sor into consideration. The definition of
sor will be given later in Section 2.3.
Main Theorem B (Theorem 2.4). For a = 0, 1 and b = 0, 1, · · · , r − 1, we have the
following signed Mahonian polynomials:∑
pi∈G(r,n)
χa,b(pi)q
sor(pi)
=
n∏
k=1
(
1 + (−1)a[k − 1]q
(
q + ωbrqk[r − 1]q
)
+ ωbq2k−1[r − 1]ωbq
)
,
where ω is a primitive rth root of unity.
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1.4. Statistics with distribution [r]q[2r]q · · · [nr]q. In addition to Mahonian statistics,
there are several known statistics on G(r, n) having the distribution
[r]q[2r]q[3r]q . . . [nr]q.
For example, fmaj, fmaf, rmaj and rinv are some of them (definitions will be given later). In
the same spirit one can formally consider the signed counting polynomial∑
pi∈G(r,n)
(−1)stat1(pi)qstat2(pi)
by taking any two of these four statistics. It turns out that except for two cases we do have
nice closed forms. See Table 1 for a brief summary.
stat1
stat2 fmaj fmaf rmaj rinv
fmaj – ∗Theorem 5.8 Theorem 5.4 Theorem 5.6
fmaf ∗Theorem 5.8 – ∗Theorem 5.7 ∗Theorem 5.7
rmaj Theorem 5.4 not known – Theorem 5.5
rinv Theorem 5.6 not known Theorem 5.5 –
Table 1. All derived signed counting polynomials, where ∗ indicates that
the closed forms are valid for even r.
The rest of the paper is organized as follows. The proofs of the two main results (Main
Theorem A – B) are given in Section 2. Some new signed Mahonian results of type Bn
and Dn are collected in Section 3 and Section 4, respectively. Section 5 is devoted to those
statistics on G(r, n) with [r]q[2r]q . . . [nr]q as the distributions. Finally, we propose a brief
conclusion in Section 6.
2. Signed Mahonian on G(r, n)
2.1. Colored permutation group. Let r, n be positive integers. The group of colored
permutations of n digits with r colors, denoted by G(r, n), is the wreath product Cr oSn of
the cyclic group Cr with Sn. It is useful to describe the elements in two ways. First, G(r, n)
is generated by the set of generators S = {s0, s1, . . . , sn−1}, which satisfies the following
relations:
sr0 = 1,
s2i = 1, i = 1, 2, . . . , n− 1,
(sisj)
2 = 1, |i− j| > 1,
(sisi+1)
3 = 1, i = 1, 2, . . . , n− 2, (2.1)
(s0s1)
2r = 1.
In fact, one can realize the generator si (i 6= 0) as the transposition (i, i+ 1) and s0 as the
mapping
s0(i) =
{
ω · 1, if i = 1,
i, otherwise,
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where ω is a primitive rth root of unity. We can also write an element pi ∈ G(r, n) as
an ordered pair (z, σ) or a sequence σ
[z1]
1 σ
[z2]
2 · · ·σ[zn]n with the convention σ[0]i = σi, where
z = (z1, z2, . . . , zn) is an n-tuple of integers in Zr ∼= Cr and σ ∈ Sn, such that σi = |pii| and
pii/|pii| = ωzi . For example, ω2 1 5 ω34 ω23 ∈ G(4, 5) can be written as ((1, 0, 0, 3, 2), 21543)
or 2[1] 1 5 4[3] 3[2]. Note that G(1, n) = Sn and G(2, n) = Bn. Readers are referred to
[3, 4, 16] for more information.
Let `(pi) be the length of pi ∈ G(r, n) with respect to S. Bagno [4] gave the following
combinatorial interpretation of `(pi):
`(pi) = inv(pi) +
∑
zi>0
(|pii|+ zi − 1), (2.2)
where inv(pi) := |{(i, j) : i < j and pii > pij}| with respect to the linear order
(n[r−1] < · · · < n[1]) < · · · < (1[r−1] < · · · < 1[1]) < (1 < · · · < n). (2.3)
By defining maj(pi) :=
∑
pii>pii+1
i with respect to the above linear order, a Mahonian statistic
lmaj on G(r, n) was found by Bagno [4], defined by
lmaj(pi) := maj(pi) +
∑
zi>0
(|pii|+ zi − 1). (2.4)
It has the generating function∑
pi∈G(r,n)
q`(pi) =
∑
pi∈G(r,n)
qlmaj(pi) =
n∏
k=1
[k]q(1 + q
k[r − 1]q). (2.5)
2.2. Character and signed Mahonian of ` and lmaj. First we characterize all 1-dim
characters of G(r, n) in terms of the length function. For pi = (z, σ) ∈ G(r, n) let col(pi) :=∑n
i=1 zi.
Lemma 2.1. G(r, n) has 2r 1-dim characters, which can be expressed as
χa,b(pi) = (−1)a(`(pi)−col(pi))ωb col(pi), (2.6)
for a = 0, 1 and b = 0, 1, · · · , r − 1.
Proof. Let χ be any 1-dim character. We first look at the values χ(si), i = 1, 2, . . . , n−1.
Since, by (2.1), sisi+1si = si+1sisi+1, χ(si) and χ(si+1) should be the same; therefore,
χ(s1) = χ(s2) = · · · = χ(sn−1). Moreover, si is an involution, then χ(si) = (−1)a for some
a = 0, 1. Since s0 is of order r, χ(s0) = ω
b for some b = 0, 1, · · · , r − 1. Then there are 2r
non-isomorphic choices for χ, which are denoted by χa,b for a = 0, 1 and b = 0, 1, · · · , r− 1.
By the definitions of S and `, the number of occurrences of s0 needed to express pi is exactly∑n
i=1 zi = col(pi). Hence the expression of χa,b in (2.6) fits the requirements. It is easy to
verify that each χa,b is indeed a group homomorphism. This completes the proof. 
It should be emphasized that the characterization of the 1-dim characters of G(r, n) is
not original, but has been studied in [8] as the form:
χa,b(pi) = (−1)a inv(|pi|)ωb col(pi), (2.7)
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where |pi| = σ. The two expressions in (2.6) and (2.7) are similar, however, the former one
is more helpful to derive our two main results. In fact, by the definition of `, (2.6) can be
obtained directly from (2.7) by showing
(−1)inv(|pi|) = (−1)inv(pi)+
∑
zi>0
(|pii|−1). (2.8)
The proof of the identity above is similar to the one of Lemma 3.3 and is omitted here.
To prove our signed Mahonian results we need some more preparations. The key idea is
to uniquely decompose a colored permutation pi = σ
[z1]
1 σ
[z2]
2 · · ·σ[zn]n ∈ G(r, n) as pi = τρ, a
product of a linear ordered τ of σ
[z1]
1 , σ
[z2]
2 , . . . , σ
[zn]
n and a permutation ρ ∈ Sn, where ρi = j
if and only if pii is the jth smallest element among {σ[z1]1 , σ[z2]2 , . . . , σ[zn]n }. For example,
2 4[2] 1[1] 3[2] = (4[2] 3[2] 1[1] 2) (4 1 3 2).
In general, let Ur,n := {τ ∈ G(r, n) : τ1 < · · · < τn} and then G(r, n) = Ur,n ·Sn. Here we
adopt the linear order (2.3). It is obvious that col(pi) = col(τ) if pi = τρ ∈ Ur,n ·Sn. Note
that we also have inv(pi) = inv(ρ) and maj(pi) = maj(ρ). The bivariate generating function
F (t, q) :=
∑
τ∈Ur,n
t
∑
zi>0
(|τi|−1)qcol(τ)
is essential and we have the following formula.
Lemma 2.2. We have
F (t, q) =
n∏
k=1
(1 + tk−1q + tk−1q2 + · · ·+ tk−1qr−1) =
n∏
k=1
(1 + tk−1q[r − 1]q).
Proof. For 1 ≤ k ≤ n we define elements ψk of the group algebra of G(r, n) by
ψk = 1 + sk−1 · · · s1s0 + sk−1 · · · s1(s0)2 + · · ·+ sk−1 · · · s1(s0)r−1.
We first claim that
ψ1ψ2 · · ·ψn =
∑
τ∈Ur,n
τ.
Clearly, ψ1 =
∑
τ∈Ur,1 τ . For the inductive step, suppose the claim is true for n − 1 and
identify the elements of Ur,n−1 with the set {τ ∈ Ur,n : τn = n}. Given such a permutation
τ = τ1 · · · τn−1 n, we have
τ · ψn = τ1 · · · τn−1 n+ n[1]τ1 · · · τn−1 + · · ·+ n[r−1]τ1 · · · τn−1. (2.9)
Moreover, it is obvious that τ · ψn = τ ′ · ψn if and only if τ = τ ′ and the induction is
completed.
Define the linear mapping Ψ : Z[Ur,n]→ Z[q, t] given by
Ψ(τ) := t
∑
zi>0
(|τi|−1)qcol(τ).
By construction, we have Ψ(ψk) = 1 + t
k−1q + tk−1q2 + · · · + tk−1qr−1 = 1 + tk−1q[r − 1]q
for k ≥ 1.
We now prove that Ψ(ψ1 · · ·ψn) = Ψ(ψ1) · · ·Ψ(ψn). Again, suppose for induction that
the assertion is true for n− 1. It suffices to show that the following holds:
Ψ(ψ1 · · ·ψn−1ψn) = Ψ(ψ1 · · ·ψn−1)Ψ(ψn).
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By (2.9) we have
Ψ(τ · ψn) = Ψ(τ1 · · · τn−1n) + Ψ(n[1]τ1 · · · τn−1) + · · ·+ Ψ(n[r−1]τ1 · · · τn−1)
= Ψ(τ) + tn−1qΨ(τ) + · · ·+ tn−1qr−1Ψ(τ)
= Ψ(τ)
(
1 + tn−1q[r − 1]q
)
= Ψ(τ)Ψ(ψn).
Thus,
Ψ(ψ1 · · ·ψn−1ψn) = Ψ
 ∑
τ∈Ur,n,τn=n
τ · ψn
 = ∑
τ∈Ur,n,τn=n
Ψ(τ · ψn)
= Ψ(ψn)
∑
τ∈Ur,n,τn=n
Ψ(τ) = Ψ(ψn)Ψ(ψ1 · · ·ψn−1),
as desired. Hence the result follows. 
Now we are ready to present the first main result of this paper.
Theorem 2.3. For a = 0, 1 and b = 0, 1, · · · , r−1, we have the following signed Mahonian
identities ∑
pi∈G(r,n)
χa,b(pi)q
`(pi) =
n∏
k=1
[k](−1)aq
(
1 + (−1)a(k−1)ωbqk[r − 1]ωbq
)
, (2.10)
and ∑
pi∈G(r,n)
χa,b(pi)q
lmaj(pi) =
n∏
k=1
[k](−1)a(k−1)q
(
1 + (−1)a(k−1)ωbqk[r − 1]ωbq
)
. (2.11)
Proof. In what follows, let (Stat, stat) = (`, inv) or (lmaj,maj). Then,∑
pi∈G(r,n)
χa,b(pi)q
Stat(pi)
=
∑
pi∈G(r,n)
(−1)a(inv(pi)+
∑
zi>0
(|pii|−1))ωb col(pi)qstat(pi)+
∑
zi>0
(|pii|+zi−1)
=
∑
pi∈G(r,n)
((−1)aq)
∑
zi>0
(|pii|−1) (ωbq)col(pi)(−1)ainv(pi)qstat(pi)
=
∑
τ∈Ur,n
((−1)aq)
∑
zi>0
(|τi|−1) (ωbq)col(τ)
∑
ρ∈Sn
(−1)ainv(ρ)qstat(ρ)
= F ((−1)aq, ωbq)
∑
ρ∈Sn
(−1)ainv(ρ)qstat(ρ).
Notice that if stat = inv, the last summation above turns out to be
∑
ρ∈Sn
((−1)aq)inv(ρ).
By (1.1), the corresponding signed Mahonian identities for ` are
n∏
k=1
[k](−1)aq
(
1 + (−1)a(k−1)ωbqk[r − 1]ωbq
)
.
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If stat = maj, that summation turns out to be the distribution of major index over Sn
when a = 0 or the signed Mahonian for maj over Sn when a = 1. By (1.1) and (1.2), the
corresponding signed Mahonian polynomials for lmaj are
n∏
k=1
[k](−1)a(k−1)q
(
1 + (−1)a(k−1)ωbqk[r − 1]ωbq
)
.

2.3. Signed Mahonian of the sorting index. Another way to represent elements of
G(r, n) is by means of “bijections”. Let
Σ := {1, . . . , n, 1¯, . . . , n¯, 1¯, . . . , n¯, . . . , 1[r−1], . . . , n[r−1]},
then pi = (z, σ) ∈ G(r, n) can be viewed as the bijection on Σ such that pi(i) = σ[zi]i for
i ∈ [n] and pi(¯i) = pi(i) for i ∈ Σ. For example, 2¯4¯13¯5¯ = (24135, (1, 2, 0, 1, 1)) ∈ G(3, 5) can
be represented as the bijection(
1¯ 2¯ 3¯ 4¯ 5¯ 1¯ 2¯ 3¯ 4¯ 5¯ 1 2 3 4 5
2 4¯ 1¯ 3 5 2¯ 4 1¯ 3¯ 5¯ 2¯ 4¯ 1 3¯ 5¯
)
.
For 1 ≤ i < j ≤ n and 0 ≤ t < r let (i[t], j) be the transposition of swapping pi(i[t])
with pi(j), pi(i[t+1]) with pi(j¯), . . ., pi(i[t+r−1]) with pi(j[r−1]). Also, for 1 ≤ i ≤ n and
0 < t < r let (i[t], i) be the action of adding t bars on pi(i), pi(¯i), . . . , pi(i[r−1]). For example,
if pi = 2¯4¯13¯5¯ ∈ G(3, 5), then pi · (2¯, 4) = 2¯3145¯ and pi · (5¯) = 2¯4¯13¯5. Formally, multiplying
pi = σ
[z1]
1 σ
[z2]
2 · · ·σ[zn]n ∈ G(r, n) on the right by (i[t], j), i < j, has the effect of replacing
pij by σ
[zi+t]
i and pii by σ
[zj−t]
j , while multiplying pi on the right by (i
[t], i) has the effect of
replacing pii by σ
[zi+t]
i .
Given a permutation pi ∈ G(r, n), there is a unique expression
pi = (i
[t1]
1 , j1)(i
[t2]
2 , j2) · · · (i[tk]k , jk)
as a product of transpositions with 0 < j1 < j2 < · · · < jk for some k. The sorting index,
sor(pi), is given in [11] by
sor(pi) :=
k∑
s=1
(js − is + δ(ts > 0) · (2(is − 1) + ts)) , (2.12)
where δ(A) = 1 if the statement A is true, or δ(A) = 0 otherwise. For example, if pi =
2¯4¯13¯5¯ ∈ G(3, 5), we have
2¯4¯13¯5¯
(5¯,5)−→ 2¯4¯13¯5 (2¯,4)−→ 2¯3145 (2,3)−→ 2¯1345 (1¯,2)−→ 1¯2345 (1¯,1)−→ 12345,
and pi = (1¯, 1)(1¯, 2)(2, 3)(2¯, 4)(5¯, 5), so sor(pi) =
(
1− 1 + (0 + 2))+ (2− 1 + (0 + 2))+ (3−
2 + 0
)
+
(
4− 2 + (2 · 1 + 1))+ (5− 5 + (2 · 4 + 2)) = 21. It has been proved in [11] that sor
has the same distribution with ` over G(r, n) and thus is Mahonian, that is,∑
pi∈G(r,n)
qsor(pi) =
∑
pi∈G(r,n)
q`(pi) =
n∏
k=1
[k]q(1 + q
k[r − 1]q). (2.13)
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To generate elements of G(r, n), a simple way is to append the letter n to the end
of elements of G(r, n − 1), then pick an index i and a color t arbitrarily and apply the
transposition (i[t], n). Formally, we define the elements φi of the group algebra of G(r, n)
by φ1 := 1 + (1¯, 1) + · · ·+ (1[r−1], 1) and for 2 ≤ k ≤ n
φk := 1 +
k−1∑
i=1
(i, k) +
r−1∑
t=1
k∑
i=1
(i[t], k).
Thus, for pi = pi1 · · ·pin−1n ∈ G(r, n) we have
pi · φn = pi1 · · ·pin−1n+ pi1 · · ·npin−1 + · · ·+ npi2 · · ·pin−1pi1
+ pi1 · · ·pin−1n[r−1] + pi1 · · ·n[r−1]pi[1]n−1 + · · ·+ n[r−1]pi2 · · ·pin−1pi[1]1
+ · · ·
+ pi1 · · ·pin−1n[1] + pi1 · · ·n[1]pi[r−1]n−1 + · · ·+ n[1]pi2 · · ·pin−1pi[r−1]1 .
It has been proved in [11] that
φ1φ2 · · ·φn =
∑
pi∈G(r,n)
pi. (2.14)
We are ready to derive the signed Mahonian polynomials with respect to the sorting
index.
Theorem 2.4. For a = 0, 1 and b = 0, 1, · · · , r−1, we have the following signed Mahonian
identities∑
pi∈G(r,n)
χa,b(pi)q
sor(pi)
=
n∏
k=1
(
1 + (−1)a[k − 1]q
(
q + ωbrqk[r − 1]q
)
+ ωbq2k−1[r − 1]ωbq
)
. (2.15)
Proof. For a = 0, 1 and b = 0, 1, · · · , r − 1, define the linear mapping Φa,b : Z[G(r, n)]→
Z[q] by
Φa,b(pi) := χa,b(pi)q
sor(pi).
Consider Φa,b(φk) for k ≥ 1. By the definition of sor, it is obvious that sor
(
(i, k)
)
= k− i
and sor
(
(i[t], k)
)
= k + i + t − 2 for 1 ≤ i ≤ k and 1 ≤ t < r. Now, view (i, k) =
sk−1sk−2 · · · si+1sisi+1 · · · sk−2sk−1. Since χa,b is a 1-dim character,
χa,b
(
(i, k)
)
= (−1)a((2k−2i−1)−0) · ωb·0 = (−1)a,
and thus
Φa,b
(
1 +
k−1∑
i=1
(i, k)
)
= 1 +
k−1∑
i=1
(−1)aqk−i = 1 + (−1)aq[k − 1]q. (2.16)
Similarly, since
(i[t], k) =
{
sk−1sk−2 · · · s1sr−t0 s1 · · · si−2si−1si−2 · · · s1st0s1 · · · sk−2sk−1, if 1 ≤ i < k;
sk−1sk−2 · · · s1st0s1 · · · sk−2sk−1, if i = k,
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we have
χa,b
(
(i[t], k)
)
= (−1)a((2k+2i+r−5)−r) · ωb·r = (−1)aωbr, ∀ 1 ≤ i < k
and
χa,b
(
(k[t], k)
)
= (−1)a((2k+t−2)−t) · ωb·t = ωbt.
Therefore,
Φa,b
(
r−1∑
t=1
k∑
i=1
(i[t], k)
)
=
r−1∑
t=1
((
k−1∑
i=1
(−1)aωbrqk+i+t−2
)
+ ωbtq2k+t−2
)
=
r−1∑
t=1
(
(−1)aωbrqk+t−1[k − 1]q + ωbtq2k+t−2
)
= (−1)aωbrqk[k − 1]q
r−1∑
t=1
qt−1 + q2k−1
r−1∑
t=1
ωbtqt−1
= (−1)aωbrqk[k − 1]q[r − 1]q + ωbq2k−1[r − 1]ωbq. (2.17)
Combining (2.16) and (2.17) yields
Φa,b(φk) = 1 + (−1)a[k − 1]q
(
q + ωbrqk[r − 1]q
)
+ ωbq2k−1[r − 1]ωbq.
By (2.14) it suffices to show Φa,b(φ1 · · ·φn) = Φa,b(φ1) · · ·Φa,b(φn). Suppose for induction
that the assertion is true for n− 1. We aim to show the following holds:
Φa,b(φ1 · · ·φn−1φn) = Φa,b(φ1 · · ·φn−1)Φa,b(φn).
Let pi = pi1 · · ·pin−1n ∈ G(r, n). Since pi(n) = n, by the definition of sor we have sor(pi ·
(i, n)) = sor(pi) + (n − i) for 1 ≤ i < n, and sor(pi · (i[t], n)) = sor(pi) + (n + i + t − 2) for
1 ≤ i ≤ n and 1 ≤ t < r. Furthermore, by the fact that χa,b is an 1-dim character we have
χa,b(pi ·(i, n)) = χa,b(pi)·χa,b((i, n)) for 1 ≤ i < n, and χa,b(pi ·(i[t], n)) = χa,b(pi)·χa,b((i[t], n))
for 1 ≤ i ≤ n and 1 ≤ t < r. Following a similar argument as in (2.16) – (2.17) derives
Φa,b(pi · φn) = Φa,b(pi)Φa,b(φn).
Thus,
Φa,b(φ1 · · ·φn−1φn) = Φa,b
 ∑
pi∈G(r,n),pi(n)=n
pi · φn
 = ∑
pi∈G(r,n),pi(n)=n
Φa,b(pi · φn)
= Φa,b(φn)
∑
pi∈G(r,n),pi(n)=n
Φa,b(pi) = Φa,b(φn)Φa,b(φ1 · · ·φn−1),
as desired. 
3. Signed Mahonian on Bn
For Coxeter groups of type Bn = G(2, n) there are some Mahonian statistics other than
`B and lmaj. We take a close look in this section.
SIGNED MAHONIAN ON G(r, 1, n) 11
3.1. Signed permutation group. LetBn be the signed permutation group of {1, 2, . . . , n},
which consists of all bijections pi of {±1, . . . ,±n} onto itself such that pi(−i) = −pi(i).
Elements in Bn are centrally symmetric and hence can be simply written in the form
pi = pi1pi2 · · ·pin, where pii := pi(i). Bn is also the Coxeter group of type Bn with generators
s0 = (1,−1) and si = (i, i + 1) for i = 1, . . . , n − 1. Let `B be the length function of Bn
with respect to this set of generators. Recall that
`B(pi) = inv(pi)−
∑
i∈Neg(pi)
pii.
By denoting −i by i[1], it is obvious that Bn = G(2, n), and `B turns out to be a special
case of ` with r = 2 in (2.2).
The search of a Mahonian major statistic on Bn was a long-standing problem and was
first solved by Adin and Roichman [3] by introducing the flag major index, fmaj. So far
there are at least three type Bn Mahonian statistics in the literature, defined as follows.
• fmaj. The flag major index [3] is defined by
fmaj(pi) := 2 ·majF (pi) + neg(pi).
• Fmaj. The F-major index [3] is defined by
Fmaj(pi) := 2 ·maj(pi) + neg(pi).
• nmaj. The negative major index [1] is defined by
nmaj(pi) := maj(pi)−
∑
i∈Neg(pi)
pii.
Here maj is defined as before, while majF is computed similarly but with respect to the
flag-order :
1¯ < · · · < n¯ < 1 < · · · < n.
For example, if pi = 3¯16¯25¯4¯, then fmaj(pi) = 2 · 11 + 4 = 26, Fmaj(pi) = 2 · 6 + 4 = 16, and
nmaj(pi) = 6− (−18) = 24. Note that nmaj is exactly lmaj with r = 2.
In addition to major-type statistics on Bn, the type Bn sorting index sorB is defined by
Petersen [19]. It’s definition can be reduced from 2.12 by simply plugging r = 2.
To summarize, we from (2.5) have
∑
pi∈Bn
q`B(pi) =
∑
pi∈Bn
qfmaj(pi) =
∑
pi∈Bn
qFmaj(pi) =
∑
pi∈Bn
qnmaj(pi) =
∑
pi∈Bn
qsorB(pi) =
n∏
k=1
[2k]q.
(3.1)
3.2. Signed Mahonian on Bn. The four 1-dim characters of Bn, say the trivial character
1, (−1)neg(pi), (−1)`B(pi) and (−1)inv(|pi|), can be obtained from Lemma 2.1 by letting r = 2.
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More precisely,
χ0,0(pi) = 1,
χ0,1(pi) = (−1)neg(pi),
χ1,1(pi) = (−1)`B(pi),
χ1,0(pi) = (−1)`B(pi)−neg(pi) = (−1)inv(pi)−
(∑
i∈Neg(pi) pii
)
−neg(pi)
= (−1)inv(pi)+
∑
i∈Neg(pi)(|pii|−1) (∗)= (−1)inv(|pi|),
where the proof of (*) is relegated to Lemma 3.3. The signed Mahonian polynomials of fmaj
together with the four 1-dim characters were obtained by Adin et al. [2], and the signed
Mahonian polynomials of `B or nmaj can be derived directly from Theorem 2.3 as follows.
Corollary 3.1. For `B we have the following signed Mahonian polynomials:
(1)
∑
pi∈Bn
(−1)`B(pi)q`B(pi) =
n∏
k=1
[2k]−q;
(2)
∑
pi∈Bn
(−1)neg(pi)q`B(pi) =
n∏
k=1
[2]−qk [k]q;
(3)
∑
pi∈Bn
(−1)inv(|pi|)q`B(pi) =
n∏
k=1
[2](−1)k−1qk [k]−q.
For nmaj we have the following signed Mahonian polynomials:
(1)
∑
pi∈Bn
(−1)`B(pi)qnmaj(pi) =
n∏
k=1
[2](−q)k [k](−1)k−1q;
(2)
∑
pi∈Bn
(−1)neg(pi)qnmaj(pi) =
n∏
k=1
[2]−qk [k]q;
(3)
∑
pi∈Bn
(−1)inv(|pi|)qnmaj(pi) =
n∏
k=1
[2](−1)k−1qk [k](−1)k−1q.
The signed Mahonian polynomial of sorB can be obtained from Theorem 2.4 as follows.
Corollary 3.2. For sorB we have the following signed Mahonian polynomials:
(1)
∑
pi∈Bn
(−1)`B(pi)qsorB(pi) =
n∏
k=1
(1− q[2k − 1]q);
(2)
∑
pi∈Bn
(−1)neg(pi)qsorB(pi) =
n∏
k=1
(
[2k − 1]q − q2k−1
)
;
(3)
∑
pi∈Bn
(−1)inv(|pi|)qsorB(pi) =
n∏
k=1
(
1− q[2k − 2]q + q2k−1
)
.
In the rest of this subsection we focus on the signed Mahonian polynomials of Fmaj.
Following the same fashion as in G(r, n), we consider the decomposition Bn = Un · Sn,
where Un = U2,n = {τ ∈ Bn|τ1 < τ2 < · · · < τn}. It is obvious that inv(τρ) = inv(ρ),
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maj(τρ) = maj(ρ), and Neg(τρ) = Neg(τ) for τ ∈ Un and ρ ∈ Sn. By letting r = 2 in
Lemma 2.2 we obtain that
F (t, q)
∣∣∣
r=2
=
∑
τ∈Un
t
∑
i∈Neg(τ)(|τi|−1)qneg(τ) = [2]tk−1q. (3.2)
Furthermore, by a similar argument as in Lemma 2.2, we have
B(t, q) :=
∑
τ∈Un
tneg(τ)q−
∑
i∈Neg(τ) τi =
n∏
k=1
[2]tqk . (3.3)
The following lemma is essential to our main results in this section.
Lemma 3.3. For any signed permutation pi ∈ Bn, we have
(−1)inv(|pi|) = (−1)inv(pi)+
∑
i∈Neg(pi)(|pii|−1).
Proof. If Neg(pi) = ∅, then |pi| = pi and the identity trivially holds. So we only need
to consider the case of neg(pi) > 0. Assume pik = max{|pii| : i ∈ Neg(pi)}, and let pi′ =
pi1 · · ·pik−1|pik|pik+1 · · ·pin. For example, if pi = 2¯731¯65¯4, then pik = 5¯ and pi′ = 2¯731¯654.
Let s = |{pii : i < k and |pii| < |pik|}| and t = |{pii : i > k and |pii| < |pik|}|. One has
s+ t = |pik| − 1. By a simple calculation, we have
inv(pi′) = inv(pi)− s+ t = inv(pi) + |pik| − 1− 2s,
implying (−1)inv(pi′) = (−1)inv(pi)+|pik|−1. Hence, the result follows by considering iteratively
all elements in Neg(pi′). 
We are ready for the main result in this section. Note that Theorem 3.4(1) has appeared
in [13, Theorem 5.7]. We still put it here for the sake of completeness.
Theorem 3.4. For Fmaj we have the following signed Mahonian polynomials.
(1)
∑
pi∈Bn
(−1)`B(pi)qFmaj(pi) =
n∏
k=1
[2](−1)kq[k](−1)k−1q2.
(2)
∑
pi∈Bn
(−1)neg(pi)qFmaj(pi) =
n∏
k=1
[2]−q[k]q2.
(3)
∑
pi∈Bn
(−1)inv(|pi|)qFmaj(pi) =
n∏
k=1
[2](−1)k−1q[k](−1)k−1q2.
Proof. Recall that Fmaj(pi) = 2 ·maj(pi) + neg(pi) and Bn = Un ·Sn.
(1) By (1.2) and (3.3), the left-hand side is equal to∑
τ∈Un
(−1)−
∑
i∈Neg(τ) τiqneg(τ)
∑
ρ∈Sn
(−1)inv(ρ)q2·maj(ρ)
= B(q,−1)
n∏
k=1
[k](−1)k−1q2 =
n∏
k=1
[2](−1)kq[k](−1)k−1q2 .
(2) By (1.1) and (3.3), the left-hand side is equal to∑
τ∈Un
(−q)neg(τ)
∑
ρ∈Sn
q2·maj(ρ) = B(−q, 1)
n∏
k=1
[k]q2 =
n∏
k=1
[2]−q[k]q2 .
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(3) By (1.2), (3.2) and Lemmas 3.3, the left-hand side is equal to∑
pi∈Bn
(−1)inv(pi)+
∑
i∈Neg(pi)(|pii|−1)q2·maj(pi)+neg(pi)
=
∑
τ∈Un
(−1)
∑
i∈Neg(τ)(|τi|−1)qneg(τ)
∑
ρ∈Sn
(−1)inv(ρ)q2·maj(ρ)
= F (−1, q)
∣∣∣
r=2
n∏
k=1
[k](−1)k−1q2 =
n∏
k=1
[2](−1)k−1q[k](−1)k−1q2 .

4. Signed Mahonian on Dn
4.1. Even-signed permutation group. The even-signed permutation group Dn is the
subgroup of Bn defined by
Dn := {pi ∈ Bn : neg(pi) is even},
which consists of those permutations with an even number of negatives among pi1, . . . , pin.
Dn is known as the “Coxeter group of type Dn” which has the generators s
′
0, s1, . . . , sn−1,
where s′0 = (1¯, 2) and si = (i, i+ 1) for i ≥ 1. Let `D be the corresponding length function
of Dn. It is known [9, 17] that the generating function for the distribution of `D is∑
pi∈Dn
q`D(pi) = [n]q
n−1∏
k=1
[2k]q = [2]q[4]q · · · [2n− 2]q[n]q (4.1)
and a combinatorial description of `D is
`D(pi) = inv(pi)− neg(pi)−
∑
i∈Neg(pi)
pii.
Biagioli [5] defined the index
dmaj(pi) := maj(pi)− neg(pi)−
∑
i∈Neg(pi)
pii
on Dn and proved that it is Mahonian.
Dn can also be generated by
Tn := {ti,j : 1 ≤ |i| < j ≤ n} ∪ {t¯i,i : 1 < i ≤ n},
where ti,j = (i, j) for 1 ≤ |i| < j ≤ n and t¯i,i = (1¯, 1)(¯i, i) for 1 < i ≤ n. Then, any pi ∈ Dn
has a unique factorization in the form
pi = ti1,j1ti2,j2 · · · tik,jk
with 0 < j1 < j2 < · · · < jk ≤ n for some k. Petersen [19] defined the sorting index of type
Dn by
sorD(pi) :=
k∑
s=1
(js − is − 2δ(is < 0))
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and proved that it is Mahonian. For example, pi = 3¯245¯1 = t1¯,3t3,4t4¯,5 has the sorting index
sorD(pi) = (3− (−1)− 2) + (4− 3) + (5− (−4)− 2) = 10.
4.2. Signed Mahonian on Dn. The group Dn has two 1-dim characters [20]: the trivial
character 1 and (−1)`D(pi). In this subsection we derive the signed Mahonian polynomials∑
pi∈Dn(−1)`D(pi)qstat(pi), where stat = `D, dmaj or sorD.
We first consider stat = `D or dmaj. Similar to the case of Bn, we consider the decompo-
sition Dn = U
D
n ·Sn, where UDn := {pi ∈ Un : neg(pi) is even}.
Lemma 4.1. We have
BD(q) :=
∑
τ∈UDn
q`D(τ) =
n−1∏
k=1
[2]qk .
Proof. Let [n] := {1, 2, . . . , n}. Then ∑τ∈UDn q`D(τ) is equal to∑
T⊆[n],
|T | is even
q(
∑
i∈T i)−|T | =
∑
T⊆{0,1,··· ,n−1},
|T | is even
q
∑
i∈T i
=
∑
T⊆[n−1],
|T | is odd
q
∑
i∈T∪{0} i +
∑
T⊆[n−1],
|T | is even
q
∑
i∈T i =
∑
T⊆[n−1]
q
∑
i∈T i =
n−1∏
k=1
(1 + qk),
as desired. 
Theorem 4.2. For Dn we have the following signed Mahonian polynomials.
(1)
∑
pi∈Dn
(−1)`D(pi)q`D(pi) = [n]−q
n−1∏
k=1
[2k]−q.
(2)
∑
pi∈Dn
(−1)`D(pi)qdmaj(pi) = [n](−1)n−1q
n−1∏
k=1
[2](−q)k [k](−1)k−1q.
Proof. (1) is obtained by replacing q by −q in (4.1).
(2) Recall that Dn = U
D
n ·Sn. By Lemma 4.1 and (1.2), the left-hand side is equal to∑
τ∈UDn
(−q)−(
∑
i∈Neg(τ) τi)−neg(τ)
∑
ρ∈Sn
(−1)inv(ρ)qmaj(ρ) = BD(−q)
n∏
k=1
[k](−1)k−1q,
as desired. 
Remark. Note that Biagioli and Caselli [7] defined two other Mahonian indices over Dn,
namely the flag major index fmaj and D-major index Dmaj. The signed Mahonian polyno-
mials of fmaj and Dmaj were derived in [8] and [6], respectively.
In what follows we consider sorD. Define elements θi of the group algebra of Dn by θ1 := 1
and for 2 ≤ k ≤ n
θk := 1 +
k−1∑
i=1
ti,k +
k∑
i=1
t¯i,k.
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It has been shown in [19] that
θ1θ2 · · · θn =
∑
pi∈Dn
pi. (4.2)
Theorem 4.3. For sorD we have the following signed Mahonian polynomials:∑
pi∈Dn
(−1)`D(pi)qsorD(pi) =
n∏
k=2
(
1− (q + qk−1)[k − 1]q + q2k−2
)
.
Proof. Define the linear mapping Θ : Z[Dn]→ Z[q] by
Θ(pi) := (−1)`D(pi)qsorD(pi).
We first claim that, for k ≥ 2,
Θ(θk) = 1− (q + qk−1)[k − 1]q + q2k−2. (4.3)
Note that Θ(θ1) = 1.
By the definition of sorD, one has sorD(ti,k) = k−i for 1 ≤ i < k, and sorD(t¯i,k) = k+i−2.
Following the same argument as in (2.16), we have
Θ
(
1 +
k−1∑
i=1
ti,k
)
= 1− q[k − 1]q.
Next, observe that
t¯i,k =
{
si−1si−2 · · · s1sk−1sk−2 · · · s2s′0s2 · · · sk−2sk−1s1 · · · si−2si−1, if 1 ≤ i < k;
sk−1sk−2 · · · s2s′0s1s2 · · · sk−2sk−1, if i = k.
Since generators s′0, s1, . . . , sn−1 are involutions, the expression of t¯i,k above yields
(−1)`D(t¯i,k) =
{
(−1)2(i−1+k−2)+1 = −1, if 1 ≤ i < k;
(−1)2(k−1) = 1, if i = k.
This implies that Θ(t¯i,k) = −qk+i−2 for 1 ≤ i < k, and Θ(tk¯,k) = q2k−2. Therefore,
Θ(θk) = 1− q[k − 1]q −
k−1∑
i=1
qk+i−2 + q2k−2,
and thus (4.3) follows.
By (4.2) it suffices to show Θ(θ1 · · · θn) = Θ(θ1) · · ·Θ(θn). We omit the rest of the proof
since it can be dealt with in the same fashion as we did in the proof of Theorem 2.4. 
5. Signed counting on another class of statistics on G(r, n)
In this section we investigate four equidistributed statistics on G(r, n): fmaj, rmaj, fmaf
and rinv, the last of which is new. Hence we can consider the polynomial∑
pi∈G(r,n)
(−1)stat1(pi)qstat2(pi)
by taking two of these four statistics. It turns out that among the possible twelve cases in
many of which we can have nice closed forms.
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5.1. Equidistributed statistics. Throughout this section both inv and maj are calculated
with respect to the linear order
(1[r−1] < · · · < n[r−1]) < · · · < (1[1] < · · · < n[1]) < (1 < · · · < n).
Let pi = (z, σ) ∈ G(r, n) and define the following statistics:
• fmaj. The flag major index [3] is defined by
fmaj(pi) := r ·maj(pi) +
n∑
i=1
zi.
• rmaj. The root major index [16] is defined by
rmaj(pi) := maj(pi) +
n∑
i=1
zi · σi.
• fmaf. The flag maf index [12] is defined by
fmaf(pi) := r ·
k∑
j=1
(ij − j) + fmaj(p˜i),
where {i1, i2, . . . , ik} is the fix set Fix(pi) := {i : pii = i} and p˜i ∈ G(r, n − k) is
obtained from pi by deleting fixed terms and then renumbering the remaining terms
with order preserved.
For example, for pi = 2[1] 1[3] 5 4 3[2] ∈ G(4, 5), we have fmaj(pi) = 38, rmaj(pi) = 19 and
fmaf(pi) = 34, with p˜i = 2[1]1[3]43[2].
These three statistics have the same distribution over G(r, n) and the following generating
function (see [16, 12])∑
pi∈G(r,n)
qfmaj(pi) =
∑
pi∈G(r,n)
qfmaf(pi) =
∑
pi∈G(r,n)
qrmaj(pi) =
n∏
k=1
[rk]q. (5.1)
Note that the statistic fmaj on G(r, n) is a generalization of fmaj on Bn. However, it is
no longer equidistributed with the length function for r ≥ 3.
Now we define a new statistic root inversion index rinv on G(r, n).
Definition 5.1. Given pi = (z, σ) ∈ G(r, n), the root inversion number of pi is
rinv(pi) := inv(pi) +
n∑
i=1
zi · σi.
For example, for pi = 2[1] 1[3] 5 4 3[2] ∈ G(4, 5) we have rinv(pi) = 16. Similar to the fact
that inv and maj have a symmetric joint distribution∑
pi∈Sn
tinv(pi)qmaj(pi) =
∑
pi∈Sn
qinv(pi)tmaj(pi) (5.2)
over Sn [15], we will prove that the statistics rinv and rmaj have a symmetric joint distri-
bution over G(r, n).
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Theorem 5.2. The joint distribution of rmaj and rinv is symmetric over G(r, n). That is,∑
pi∈G(r,n)
trinv(pi)qrmaj(pi) =
∑
pi∈G(r,n)
qrinv(pi)trmaj(pi).
Proof. Recall that Z(pi) =
∑
zi for pi = (z, σ) ∈ G(r, n). Let Zˆ(pi) :=
∑
zi · σi and
therefore Zˆ(pi) = Zˆ(τ) if pi = τρ ∈ Ur,n ·Sn.∑
pi∈G(r,n)
trinv(pi)qrmaj(pi) =
∑
pi∈G(r,n)
tinv(pi)+Zˆ(pi)qmaj(pi)+Zˆ(pi)
=
∑
τ∈Ur,n, ρ∈Sn
tinv(ρ)+Zˆ(τ)qmaj(ρ)+Zˆ(τ) =
∑
τ∈Ur,n
(tq)Zˆ(τ)
∑
ρ∈Sn
tinv(ρ)qmaj(ρ)
(∗)
=
∑
τ∈Ur,n
(tq)Zˆ(τ)
∑
ρ∈Sn
qinv(ρ)tmaj(ρ) =
∑
τ∈Ur,n, ρ∈Sn
qinv(ρ)+Zˆ(τ)tmaj(ρ)+Zˆ(τ)
=
∑
pi∈G(r,n)
qinv(pi)+Zˆ(pi)tmaj(pi)+Zˆ(pi) =
∑
pi∈G(r,n)
qrinv(pi)trmaj(pi),
where (∗) is because of the symmetric joint distribution of maj and inv over Sn. 
5.2. Signed counting polynomials. The following bivariate generating function, which
is an extension of (3.3), will play a key role in our discussion. The proof is again similar to
that of Lemma 2.2 and is omitted.
Lemma 5.3. We have
R(t, q) :=
∑
τ∈Ur,n
tZ(τ)qZˆ(τ) =
n∏
k=1
[r]tqk .
We are ready for the main results of this section. First we have rmaj v.s. fmaj.
Theorem 5.4. ∑
pi∈G(r,n)
trmaj(pi)qfmaj(pi) =
n∏
k=1
[r]tkq[k]tqr .
Proof. The left-hand side is equal to∑
τ∈Ur,n
tZˆ(τ)qZ(τ)
∑
ρ∈Sn
tmaj(ρ)qr·maj(ρ),
and the result follows by Lemma 5.3 and (1.1). 
Then we have rinv v.s. rmaj:
Theorem 5.5.∑
pi∈G(r,n)
(−1)rinv(pi)qrmaj(pi) =
∑
pi∈G(r,n)
(−1)rmaj(pi)qrinv(pi) =
n∏
k=1
[r](−q)k [k](−1)k−1q.
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Proof. The left-hand side is equal to∑
τ∈Ur,n
(−q)Zˆ(τ)
∑
ρ∈Sn
(−1)inv(ρ)qmaj(ρ),
and the result follows by Theorem 5.2, Lemma 5.3 and (1.2). 
And we have rinv v.s. fmaj:
Theorem 5.6. ∑
pi∈G(r,n)
(−1)rinv(pi)qfmaj(pi) =
n∏
k=1
[r](−1)kq[k](−1)k−1qr
and ∑
pi∈G(r,n)
(−1)fmaj(pi)qrinv(pi) =
n∏
k=1
[r]−qk [k](−1)(k−1)rq.
Proof. By (1.2) and Lemma 5.3,∑
pi∈G(r,n)
(−1)rinv(pi)qfmaj(pi) =
∑
τ∈Ur,n
(−1)Zˆ(τ)qZ(τ)
∑
ρ∈Sn
(−1)inv(ρ)qr·maj(ρ)
= R(q,−1)
n∏
k=1
[k](−1)k−1qr =
n∏
k=1
[r](−1)kq[k](−1)k−1qr .
Similarly, ∑
pi∈G(r,n)
(−1)fmaj(pi)qrinv(pi) =
∑
τ∈Ur,n
(−1)Z(τ)qZˆ(τ)
∑
ρ∈Sn
(−1)r·maj(ρ)qinv(ρ)
(∗)
= R(−1, q)
n∏
k=1
[k](−1)(k−1)rq =
n∏
k=1
[r]−qk [k](−1)(k−1)rq.
(∗): the second factor comes from (1.1) (or (1.2) and (5.2)) if r is even (or odd). 
The fmaf statistic is more elusive. In the following we will prove signed counting results
for even r when (stat1, stat2) = (fmaf, rinv), (fmaf, rmaj), (fmaf, fmaj) or (fmaj, fmaf).
We need some preparations. For pi = (z, σ) ∈ G(r, n), denote the cardinality of Fix(pi) by
fix(pi). Then fmaf(pi) can be expressed as
fmaf(pi) = r ·
 ∑
i∈Fix(pi)
i−
(
fix(pi) + 1
2
)+ fmaj(p˜i)
= r ·
 ∑
i∈Fix(pi)
i−
(
fix(pi) + 1
2
)
+ maj(p˜i)
+ Z(p˜i). (5.3)
Theorem 5.7. When r is even, we have∑
pi∈G(r,n)
(−1)fmaf(pi)qrinv(pi) =
∑
pi∈G(r,n)
(−1)fmaf(pi)qrmaj(pi) =
n∏
k=1
[r]−qk [k]q.
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Proof. Let (Stat, stat) denote (rinv, inv) or (rmaj,maj). Since r is even, by (5.3), we have∑
pi∈G(r,n)
(−1)fmaf(pi)qStat(pi) =
∑
pi∈G(r,n)
(−1)Z(p˜i)qStat(pi) =
∑
τ∈Ur,n
(−1)Z(τ)qZˆ(τ)
∑
ρ∈Sn
qstat(ρ),
and the result follows by Lemma 5.3 and (1.1). 
Theorem 5.8. When r is even, we have∑
pi∈G(r,n)
(−1)fmaj(pi)qfmaf(pi) =
∑
pi∈G(r,n)
(−1)fmaf(pi)qfmaj(pi) =
n∏
k=1
[rk]−q.
Proof. Let stat1 be one of fmaj and fmaf and stat2 be the other. Since r is even, by (5.3)
and (5.1), we have∑
pi∈G(r,n)
(−1)stat1(pi)qstat2(pi) =
∑
pi∈G(r,n)
(−1)Z(pi)(−1)Z(pi)(−q)stat2(pi)
=
∑
pi∈G(r,n)
(−q)stat2(pi) =
n∏
k=1
[rk]−q.
Note that Z(p˜i) = Z(pi) by definition. 
Note that the results for (rmaj, fmaf) and (rinv, fmaf), as well as the odd r cases in Theo-
rem 5.7 and Theorem 5.8 are not known. The authors would like to know if these missing
results can be completed.
6. Concluding Notes
In this paper we proposed many new signed Mahonian polynomials for Bn, Dn and
G(r, n) = G(r, 1, n). In summary, for type Bn we derived all signed Mahonian polynomials
with respect to the statistics `B, nmaj, Fmaj and sorB, while for type Dn we derived polyno-
mials with respect to `D, dmaj and sorD. For G(r, n) we first derived a closed formula for the
1-dim characters of G(r, n) in terms of the length function, and as an application of it we
obtained signed Mahonian polynomials with respect to `, lmaj and sor. This is novel in the
sense that the better-known fmaj statistic is not equidistributed with the length function if
r ≥ 3 while lmaj is Mahonian.
Caselli [10] introduced the concept of projective reflection groups G(r, p, s, n), which is
a generalization of complex reflection groups G(r, p, n), and Biagioli and Caselli [8] derived
signed polynomials with respect to the statistic fmaj. Hence a natural question is to see if one
can have a Mahonian statistic lmaj or sor on G(r, p, n) or G(r, p, s, n) and have corresponding
signed Mahonian polynomials.
In the last section we considered the signed polynomials on G(r, n) with respect to a pair
of statistics with the same distribution [r]q[2r]q . . . [nr]q, where the ‘sign’ is decided by the
parity of the first statistic. It would be interesting to complete the missing pieces in the last
section, especially the (rmaj, fmaf) and (rinv, fmaf) cases. Also it is natural to investigate the
bivariate generating functions, or even better, the multivariate generating functions with
respect to these statistics. We leave these questions to the interested readers.
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